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a b s t r a c t
Currently, an alternative framework using the hypervolume indicator to guide the search
for elite solutions of a multi-objective problem is studied in the evolutionary multi-objective optimization community very actively, comparing to the traditional Pareto dominance
based approach. In this paper, we present a dynamic neighborhood multi-objective evolutionary algorithm based on hypervolume indicator (DNMOEA/HI), which beneﬁts from
both Pareto dominance and hypervolume indicator based frameworks. DNMOEA/HI is featured by the employment of hypervolume indicator as a truncation operator to prune the
exceeded population, while a well-designed density estimator (i.e., tree neighborhood density) is combined with the Pareto strength value to perform ﬁtness assignment. Moreover,
a novel algorithm is proposed to directly evaluate the hypervolume contribution of a single
individual. The performance of DNMOEA/HI is veriﬁed on a comprehensive benchmark
suite, in comparison with six other multi-objective evolutionary algorithms. Experimental
results demonstrate the efﬁciency of our proposed algorithm. Solutions obtained by
DNMOEA/HI well approach the Pareto optimal front and are evenly distributed over the
front, simultaneously.
 2011 Elsevier Inc. All rights reserved.

1. Introduction
Many real-world optimization problems are required to optimize several competing criteria or objectives simultaneously.
These problems are so-called multi-objective optimization problems (MOPs). Contrasting to the single-objective optimization problems (SOPs), which aim at ﬁnding a single global optimal point, solutions to MOPs are a set of trade-offs (i.e., Pareto
optimal front). However, instead of obtaining inﬁnite number of Pareto optimal solutions, which is a time-consuming task,
decision makers prefer to search for a set of representative solutions which are as close as possible to the true Pareto optimal
front, in the meanwhile, being uniformly distributed along the whole front. In other words, the optimality of solutions are
ensured by the closeness to the Pareto optimal front, while an ideal and thorough exploration of the search space is
guaranteed by the uniform distribution of solutions.
Evolutionary algorithms (EAs) seem to be well suited for dealing with MOPs due to their population-based property
which achieves an approximation of the Pareto set in a single run. Since the pioneering work of Schaffer [1], a large variety
of multi-objective evolutionary algorithms (MOEAs) have been proposed and applied to various problem domains [2,3].
Later, Goldberg [4] suggested a non-dominated sorting procedure, which opened a new avenue and generated an
overwhelming interest in MOEAs. After then, this suggestion was initially implemented in three contemporaneous
state-of-the-art MOEAs [5–7], separately. Srinivas and Deb [7] proposed NSGA [7] which used non-dominated sorting
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to ﬁlter out non-dominated solutions and a niching strategy to maintain the population diversity. Hereafter, Deb et al. improved the non-dominated sorting strategy and replaced the original diversity maintenance method with a crowding distance mechanism, proposed the state-of-the-art NSGA-II [8]. In MOGA proposed by Fonseca and Fleming [5], all
individuals in the whole population are ranked based on their dominance relationship and the selection procedure was
just guided by these rank values. Horn, Nafpliotis and Goldberg proposed NPGA [6], which used Pareto domination
tournaments instead of the non-dominated sorting and ranking selection method in solving multi-objective optimization
problems. Combining with the Pareto strength based ﬁtness assignment strategy and a clustering procedure to reduce the
non-dominated set, Zitzler et al. proposed SPEA [9]. An improved version of SPEA (i.e., SPEA2 [10]) with an enhanced ﬁtness assignment strategy and truncation mechanism was designed by Zitzler et al. three years later. Knowles and Corne
proposed a meta-heuristic PAES [11], which was based on a simple (1+1)-evolution strategy. During the same period,
Corne and Knowles proposed PESA [12], in which selection and diversity maintenance were controlled by a hyper-grid
based scheme. Instead of assigning selective ﬁtnesses to individuals, Corne and Knowles designed PESA-II [13] two years
later, whose selection units were replaced by hyper-boxes in objective space that were occupied by at least one individual
in the current approximation to the Pareto optimal front. Different from the previous Pareto-based approaches, Hughes
[14] proposed to use multiple single objective optimisers to perform a parallel search of multiple conventional target vector based optimizations. Laumanns et al. proposed e-dominance concept [15] which is a modiﬁcation of the original Pareto
dominance. The underlying principle of e-dominance is that two solutions are not allowed to be non-dominated to each
other, if the difference between them is less than properly chosen value ei in the ith objective. Qu et al. proposed a MOEA
based on Summation of normalized objective values and diversiﬁed selection (SNOV-DS) [16]. Shi et al. proposed a novel
data structure named dominance tree [17] to store and handle the population in MOEAs. Chan et al. proposed to adapt the
jumping gene paradigm to the framework of MOEA in [18] and Nawaz Ripon et al. adapted this same scheme for solving
continuous MOPs [19]. In order to alleviate the lost of solutions lying at the extreme parts of the Pareto front caused by
´ az et al. proposed three different
the use of -dominance and better control the appropriate value of , Hernández-Dı
schemes whose use depends on the users preferences in [20]. Recently, Bader and Zitzler [21] proposed an indicator-based
MOEA which used Monte Carlo sampling to approximately calculate the hypervolume indicator, and used this indicator to
guide the evolution. More detailed development of current research literature could be found in a recently good survey
[22]. It is worth noting that an alternative evolution mechanism to the aforementioned genetic operators, being known
as particle swarm optimization (PSO), which is inspired by the motion of bird ﬂocks, is attracting more and more researchers to graft it for solving MOPs. Wang et al. proposed a new optimal criterion based on preference order scheme to identify
the best compromise in multi-objective particle swarm optimization (MOPSO) [23]. Zhao et al. proposed a novel two local
bests based MOPSO (2LB-MOPSO) [24] which focused the search around small regions in the parameter space and avoided
the case that pbest is far away from the gbest.
Recently, a performance metric called hypervolume indicator [9] achieves fabulous success in the EMO community. The
following three features motivate the prosperity and development of it.
1. Hypervolume indicator is a comprehensive performance metric. The convergence towards the Pareto optimal front as
well as the representative distribution of solutions along this front could be evaluated simultaneously by this single
indicator.
2. Hypervolume indicator is the only performance metric known to be strictly monotonic with respect to Pareto dominance
[25]. In other words, if a solutions set S is better than the other set S0 , the corresponding hypervolume indicator of S is
larger than S0 .
3. Hypervolume indicator guarantees that the Pareto optimal set achieves the maximum indicator value [26].
Hypervolume indicator not only plays as an off-line indicator to evaluate the quality of the solutions set, but also, more
importantly, it could be incorporated into the framework of MOEA to guide the optimization process. Some precursor studies
on hypervolume based MOEA have been developed in the literature [27–30,21]. However, there are still two major drawbacks existing in the current research activities.
1. Most of the ﬁtness assignment strategies in current hypervolume based MOEAs are merely based on the hypervolume
contribution of a single solution. This might be too restricted so that some other interesting information in the current
population might not be fully explored.
2. The computational overhead to exactly evaluate the hypervolume contribution of a solution is extremely high. In [29,30],
the difference of the hypervolume indicator values between the original set and the set excludes a solution is used as the
hypervolume contribution of this solution. That is to say, we have to calculate the hypervolume indicator twice when
evaluating the hypervolume contribution of a single solution. It obviously further burden the already high computational
overhead.
Pareto dominance based algorithms have been studied in the EMO community for the last two decades. It beneﬁts from
the straightforward way to conform to the intrinsic properties of MOPs. On the other hand, indicator based algorithms with
hypervolume metric have strong theoretical background and high search ability. The motivation of this work is to assimilate
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the advantages from both prototypes. Generally speaking, the main contributions of this work could be summarized as
follows:
1. A novel method, which is based on minimum spanning tree, to estimate the density information of individuals in the current population.
2. A slicing based method to exactly evaluate the hypervolume contribution of a single solution.
3. The truncation procedure is modeled as a single-objective optimization process, which aims at maximizing the total
hypervolume measure of the current external archive.
This paper is organized as follows: Section 2 brieﬂy reviews the density estimation method and hypervolume related research. Section 3 elaborates the design details of our proposed algorithm. Section 4 presents experimental studies. Section 5
concludes our work and discusses some possible future directions.
2. Related work
Before detailed discussion of our proposed approach, we would like to give a brief review on the density estimation techniques and the hypervolume related research at ﬁrst.
2.1. Brief review of research on density estimation
One of the essentials of MOEA is to distribute solutions as diversiﬁed as possible along the trade-off front during the evolutionary process. Designing effective diversity preservation methods is always an active research ﬁeld in multi-objective
optimization domain. Although different types of diversity preservation methods have been proposed, the underlying principles are similar. Almost all of them aim at assessing the density information of a solution in either decision or objective
space. One of the most important techniques to assess density is sharing, which was originally proposed by Goldberg and
Richardson [31]. In this approach, the density information was estimated by a sharing function which considered the distances among neighboring individuals. Although the ﬁtness sharing technique has been widely used in many studies
[7,6], it was restricted by the difﬁculty of determining the appropriate niche sizes. In view of this drawback, Fonseca and
Fleming [5] proposed a method to automatically tune the niche size based on the distribution of population at each generation. Another important technique for density estimation is the use of grid [11]. This approach aims at partitioning the feature space into a series of grids, and then the crowded information in a particular grid is used as the density value of the
solution reside in it. Crowding is also a popular density estimator in MOEAs. It was proposed by Deb et al. [8] in his
NSGA-II to estimate the density of a solution through the perimeter of the rectangular surrounds it. Zitzler et al. [9,10] applied a clustering method to maintain the size of external archive. Farhang-Mehr and Azarm [32] employed an entropybased metric to assess the diversity of solutions, and at the same time the entropy metric was used as a quality assessment
to compare the performance of two MOEAs.
2.2. Brief review of research on hypervolume indicator
Hypervolume indicator was ﬁrstly proposed by Zitzler and Thiele [9]. Originally, it was employed as a performance metric
to give a quantitative measure to the outcome of a MOEA. Primarily, the underlying principle of algorithms to calculate
hypervolume indicator was known as the hypervolume by slicing objectives. Most of these algorithms use a recursive procedure to decrement the number of objectives recursively. Representative algorithms belong to this category are approach
provided by Zitzler and Thiele [9], method proposed by Knowles and Corne [33], and heuristics proposed by While et al. [34].
The worst-case runtime complexity of this kind of algorithms is O(Nn1), which is exponential in the number of objectives.
Here N is the number of individuals in the population and n is the number of objectives. Recently, some advanced algorithms
for improving the efﬁciency of the hypervolume indicator calculation have been proposed due to the wide applications of
this indicator. Fonseca et al. [35] proposed a dimension-sweep method which had a worst-case runtime complexity of
O(Nn2logN). Beume [36] considered the hypervolume measure as a special case of Klee’s measure problem, and proposed
a method which owned a worst-case runtime complexity of order O(NlogN + Nn/2). Yang et al. [37] proposed an algorithm
which had a worst-case runtime complexity of O((n/2)N). Most recently, Bringmann and Friedrich have done a series of signiﬁcant work on improving the efﬁciency of the calculation of hypervolume indicator [38–40]. They proved the calculation of
hypervolume is ]P-complete, which meant that no polynomial time algorithm exists since this conclusion implied NP = P
[38].
The application of hypervolume indicator into the optimization process was ﬁrstly introduced by Knowles et al. [27,33].
Huband et al. [28] proposed an algorithm which replaced the original density estimator in the environmental selection of
SPEA2 with the hypervolume measure. Zitzler et al., proposed a general framework of indicator based evolutionary algorithm
(IBEA) [29] which aggregated the hypervolume indicator into the ﬁtness function. Emmerich et al. [30] combined non-dominated sorting and hypervolume indicator together to design a steady state (l + 1)-MOEA (SMS-MOEA). Bradstreet [41] proposed a speciﬁc algorithm to quickly determine a solution’s hypervolume contribution. All these algorithms introduced so far
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aim at calculating the hypervolume indicator exactly. The main drawback of this kind of algorithms is the extremely high
computational overhead, especially for high dimensional problems, although some advanced hypervolume indicator calculation techniques have been proposed. As discussed in [21], the exact hypervolume contributions of solutions are not that
crucial in environmental selection. Instead, the ranks of these measures are more interesting. Consequently, another emerging trend of the hypervolume related research is to ﬁnd an ideal representation to approximate the hypervolume contribution. Bader and Zitzler [21] proposed a fast algorithm that used Monte Carlo simulation to approximate the hypervolume
indicator. Similar to this work, Voß et al. [42] also employed the Monte Carlo algorithm to approximate the hypervolume
contribution, and proposed a steady state MO-CMO-ES. Different from the previous work, Ishibuchi et al. [43] used the
achievement scalarizing functions to approximate the hypervolume contribution.

3. Dynamic neighborhood MOEA based on hypervolume indicator
Multi-objective optimization problems contain a number of conﬂicting objectives to be optimized. Using EAs to solve
MOPs must address the following two issues.
1. How to carry out ﬁtness assignment? It is important to evaluate the qualities of solutions impartially, so that the solutions
could be guaranteed to search towards the Pareto optimal.
2. How to preserve the diversity of the obtained solutions set with a guaranteed convergence? Such kind of methods could
avoid the premature convergence as well as obtain uniformly distributed solutions.
3.1. Fitness assignment
Traditionally, the ﬁtness assignment scheme is composed of two important ingredients. One is Pareto dominance relationship, which divides individuals into dominated and non-dominated categories. And the latter ones are always preferable
to the formers when referring to ﬁtness values. The other ingredient is usually represented by the density information of an
individual. As brieﬂy reviewed in Section 2.1, many density estimation techniques have been proposed in the literature up
till now. However, none of these density estimators are not far away from perfect or are problem restricted. Here, we would
like to analyze a pathological example (as given in Fig. 1) of the ﬁtness assignment approach that used in the state-of-the-art


SPEA2 at ﬁrst, and then elaborate our proposed strategy. In SPEA2, the density estimator is formulated as DðiÞ ¼ 1= 2 þ rki
where rki means the Euclidean distance between the individual i and its kth nearest neighbor. Here set k = 3 and the number
of individuals is 6. Intuitively, it is not difﬁcult to ﬁnd that a is the 3rd nearest neighbor to both of b and c. And the Euclidean
distance between c and a is larger than that of b and a, that is to say rkc > rkb . Accordingly, we could conclude D(c) < D(b),
which means that c locates in a less crowded area than b. Consequently, based on the ﬁtness calculation formula deﬁned
in [10], the ﬁtness value of c ought to be better than that of b, in case that c and b are non-dominated to each other. Therefore,
c would have a larger chance to be selected in the environmental selection procedure, compared to b. Neverthelss, as
illustrated in Fig. 1 intuitively, the neighborhood of c is more crowded than that of b. Thus the ﬁtness value of c ought to
be inferior to that of b.
In this section, we propose a robust density estimator called Tree Neighborhood Density (TND), which could enforce a
higher level of spread between the non-dominated solutions. For the sake of a clearer discussion, some deﬁnitions and
terminologies are ﬁrstly given as follows.

Fig. 1. A pathological example of the density estimator in SPEA2.
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Deﬁnition 1 (Tree crowding density). Let T be a minimum spanning tree connecting all the individuals of population P. For
any individual i in P, let di be the degree of i in T, i.e., the number of edges of T connected to i; and let these edges be
fli;1 ; li;2 ; . . . ; li;di g. The tree crowding density of i is estimated as:

T crowd ðiÞ ¼

di
X

li;j =di :

ð1Þ

j¼1

Deﬁnition 2 (Tree neighborhood). Let ri ¼ maxfli;1 ; li;2 ; . . . ; li;di g. A circle centered in i, with radius ri, is deﬁned as the tree
neighborhood of i.
Deﬁnition 3 (Membership of individual on the tree neighborhood). Let the Euclidean distance between individuals i and j be
denoted as disti,j. The individual j is considered as a member of the tree neighborhood of i if and only if disti,j 6 ri (denoted as
i . Tj).
Based on these deﬁnitions, the calculation procedure for the Tree Neighborhood Density (TND) is implemented as
follows:
Step 1. The Euclidean distance between each individual of the population P and the other N  1 (N is the population size)
ones is calculated.
Step 2. A minimal spanning tree T connecting all individuals is generated.
Step 3. The tree crowding density for each individual i in T is evaluated, and the corresponding tree neighborhood is
generated.
Step 4. Count the number of individuals that are the member of the tree neighborhood of each individual i, denoted as
count(i) = kUk, where U = {jjj 2 P, i .T j} and k  k means the cardinality of the set.
Step 5. Then, the tree neighborhood density of individual i is calculated as:

P
TNDðiÞ ¼

j2U ð1=Tcrowdj Þ

countðiÞ

:

ð2Þ

Step 6. Finally, the TND values of all individuals are normalized:

nTNDðiÞ ¼

TNDðiÞ  TNDmin
:
TNDmax  TNDmin

ð3Þ

where nTND(i) is the normalized TND of individual i, and TNDmax and TNDmin indicate, respectively, the maximum and minimum TND in the current population.
It is worth noting that the smaller TND the better. The underlying motivation for the proposal of TND could be explained
as follows. The whole set of solutions in the population could be regarded as a connected graph, with the Euclidean minimum spanning tree of this graph being an optimized structure that reﬂects the distribution of the solutions of the current
population in the search space. Then, for a given individual, the corresponding neighborhood could be deﬁned by the other
individuals connected to it, and ﬁnally, the crowdedness of this neighborhood could be used to represent its density.
In order to illustrate the calculation process of TND, let us consider the previous pathological example discussed in Fig. 1.
Assuming S = {(3, 10), (5, 7), (6, 6), (8, 5), (11, 4), (15, 3)}, a to f represent the corresponding points in S. We plot the distribution
of these points in Fig. 2. Edges connecting each point constitute the minimal spanning tree of S. Dashed line indicated circles
A to F correspond to the tree neighborhood of each point in S, according to deﬁnition 2. Then, we could easily obtain the tree
crowding densities of a to f as: Tcrowd(a) = 3.6, Tcrowd(b) = 2.5, Tcrowd(c) = 1.8, Tcrowd(d) = 2.7, Tcrowd(e) = 3.65, Tcrowd(f) = 4.1,
based on deﬁnition 1. According to deﬁnition 3 and step 4 in the calculation procedure of TND, here we only consider points
b and c as an example, we could obtain that count(b) = 4, count(c) = 3. Next, the tree neighborhood density values of b and c
could be calculated as: TND(b) = 0.401, and TND(c) = 0.443. Thus we get TND(c) > TND(b), which satisﬁed our original
assumption that c locates in a more crowded area than that of b.
Based on the aforementioned discussion, the ﬁtness value of each individual i is calculated as the combination of its normalized TND (i.e., nTND(i)) and strength value:

FðiÞ ¼ RðiÞ þ nTNDðiÞ;
P

ð4Þ

where RðiÞ ¼
SðjÞ; SðjÞ ¼ kfiji 2 E þ Q ^ j  igk [10]. It is worth noting that only the nTND measure is normalized between
0 and 1. Hence, evolution proceeds by ﬁrstly minimizing R(i), i.e., approaching the Pareto optimal front; and then, as soon as
some non-dominated solutions (i.e., with R(i) = 0) are found, nTND becomes signiﬁcant in the ﬁtness evaluation, and a higher
spread between the non-dominated solutions is promoted. The whole procedure of ﬁtness assignment is illustrated as
follows:
Step 1. Merge the evolutionary population E and external archive Q together into a hybrid population P;
Step 2. Calculate the strength value R(i) of each individual i in P;
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Fig. 2. An example for calculating tree neighborhood density.

Step 3. The corresponding normalized tree neighborhood density nNTD(i) of each individual i in P could be obtained according to the aforementioned calculation procedure of TND;
Step 4. The corresponding ﬁtness value of each individual i in P could be calculated according to formula (4).
Different from the ﬁtness assignment strategy proposed by Li et al. [44,45] that used tree crowding density directly to
represent the ﬁtness value, here we use a more sophisticated scheme to estimate the density in each individual’s tree neighborhood. Most of the existing methods for setting neighborhood aim at partitioning the search space into several ﬁxed regions. Then the density of each individual is estimated according to circumstances of its ﬁxed own region. The dynamic
neighborhood density estimation method proposed here is based on the relationship between an individual and its adjacent
neighbors. The sizes of the neighborhoods are changed with the variation of the densities of individuals. Thus, the up-to-date
density information in the current population could be tracked timely.
3.2. Calculation method for hypervolume indicator of the individual dominance area
After the discussion of ﬁtness assignment, the other important design issue of MOEA, i.e., diversity maintenance, is going
to be elaborated in this subsection. As introduced in Section 1, the hypervolume indicator is employed to guide the diversity
preservation in our approach. Before further discussion, some preliminary deﬁnitions related to hypervolume indicator are
provided at ﬁrst.
Deﬁnition 4 (Individual dominance area). Given a solutions set S, individual i 2 S, the area which is exclusively dominated by
i is called the individual dominance area of i.
Deﬁnition 5 (Hypervolume indicator of set S). Let the reference point is denoted as Ref = (r1, r2, . . . , rk), the hypervolume indicator of S (denoted as Hv(S)) is deﬁned as the volume of the hypercube restricted by all points in S and Ref.

Hv ðSÞ ¼ Leb

!
[
½f1 ð~
x1 Þ; r1   ½f2 ð~
x2 Þ; r 2       ½f1 ð~
xk Þ; r k  ;

ð5Þ

~
x2S

where k is the number of dimension, Leb(S) indicates the Lebesgue measure of S, and ½f1 ð~
x1 Þ; r 1   ½f2 ð~
x2 Þ; r2       ½f1 ð~
xk Þ; r k 
x but Ref.
represents the hypercube formed by points which are dominated by ~
As shown in Fig. 3, the hypervolume indicator of the solutions set S = {P1, P2, P3} is exactly the area of the polygon ACBEFGHI, where H represents the reference point. In addition, the individual dominance area of P2 is the rectangular area BCDE.
Intuitively, the hypervolume contribution of an individual is just the hypervolume indicator value of its individual dominance area.
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Fig. 3. Hypervolume indicator in two-dimensional case.

3.3. Two-dimensional case
It is relatively easy to calculate the hypervolume indicator of individual dominance area in the two-dimensional case. At
ﬁrst, individuals in the population are sorted by ascending order based on their objective values at the ﬁrst dimension. Then
the corresponding hypervolume indicator of the individual dominance area for an individual pi (denoted as ExcHv(pi)) could
be calculated as:

ExcHv ðpi Þ ¼ jobj1 ðpiþ1 Þ  obj1 ðpi Þj  jobj2 ðpi1 Þ  obj2 ðpi Þj;

ð6Þ

where 2 6 i 6 N  1, N is the population size, and obji(j) indicates the objective value of the jth individual at the ith dimension. As for the two extreme solutions (also noted as boundary solutions, i.e., p1 and pN), we set ExcHv(p1) = ExcHv(pN) = 1.
This way the boundary solutions could be reserved constantly, as well as the spread of the solutions set is ensured. The
pseudo code of this procedure is shown in Algorithm 1.

3.4. Three-dimensional case
Instead of the simple rectangular area as in the two-dimensional case, the individual dominance area in threedimensional case is always a complex cube which requires an even more sophisticated technique to compute its hypervolume indicator. In order to illustrate this difﬁculty, consider a complex cube, which is hard to evaluate its hypervolume
directly, as shown in Fig. 4. Inspired from the slicing objectives algorithm proposed in [34], here we also consider slicing this
out-of-shape cube into a series of less complicated slices, in order to reduce the computational difﬁculty. However, different
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Fig. 4. An example for calculating the hypervolume indicator of individual dominance area in three-dimensional case.

from the method presented in [34] which aimed at slicing the total cube, our proposed method only interests in the part
which is organized by the current signiﬁcant points. Afterwards, each slice is projected onto a two-dimensional plane which
is more convenient to determine its corresponding individual dominance area. Finally, the total hypervolume indicator is
cumulated by the hypervolume indicator of these slices. In the following paragraph, several relevant deﬁnitions and terminologies are given preliminarily, for the sake of further discussion.
Deﬁnition 6 (Signiﬁcant point (Invalid point)). Regarding to a point p, points that are non-dominated with p are called
signiﬁcant, otherwise they are called invalid.
Signiﬁcant points are used to conﬁrm the boundary while the invalid points are used to conﬁrm the shape, when determining the individual dominance area. Take P2 as an example, as shown in Fig. 5, P1 and P3 are signiﬁcant while P4 and P5 are
invalid. Particularly, P1 and P3, respectively, are used to determine the upper and lower bounds of the individual dominance

Fig. 5. An example to determine the individual dominance area.
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area of P2. The overlapped area P4DBE formed by the shared dominance area of P4 and P2 need to be eliminated at last.
Consequently, the individual dominance area of P2 is the polygon area P2ADP4EC.
Deﬁnition 7 (Least upper bound point). Given a solutions set S on an M dimensional space. "p 2 S, p : (f1(p), f2(p), . . . , fM(p)),
$q 2 S, q : (f1(q), f2(q), . . . , fM(q)), q is denoted as the least upper bound point of p in S on the ith dimension, if and only if the
following condition fulﬁlled:

fi ðqÞ ¼ minffi ðuÞjfi ðuÞ > fi ðpÞ; u 2 Sg:

ð7Þ

If p is the last point of the solutions set S whose points are sorted by ascending order based on the values at the ith dimension, we set the least upper bound point of p is the reference point Ref.
Deﬁnition 8 (Depth of a slice (denoted as depthi)). Supposing that the ith dimension is chosen to be sliced, let the current
investigated point be p : (f1(p), f2(p), . . . , fM(p)), and the least upper bound point of p be q : (f1(q), f2(q), . . . , fM(q)). Then the
depth of the corresponding slice is deﬁned as the absolute value of the difference between p and q on the ith dimension,
namely: depthi = jfi(q)  fi(p)j.
Before the computation process, individuals are sorted by ascending order based on their values at the ﬁrst dimension. Let
p be the current investigating individual, then the others could be classiﬁed into the following four categories:
1. Prior dominated individuals: Individuals that are prior to p and dominated by it. This kind of individuals are stored in set PD.
2. Prior non-dominated individuals: Individuals that are prior to p but non-dominated with it. These individuals are stored in
set PL.
3. Posterior non-dominated individuals: Individuals posterior to p and non-dominated with it. We store this kind of individuals in set NL.
4. Fellow individuals: Individuals that own the same values with p at the ﬁrst dimension. We store this kind of individuals in
set SC.
After the above taxonomy procedure, individuals in the population respect to p could be categorized into the following
four circumstances to process:
1.
2.
3.
4.

p is the ﬁrst individual of the population after sorting, namely both PD and PL are null.
There are only dominated individuals prior to p, namely PL is null, but PD.
There are only non-dominated individuals prior to p, namely PD is null, but PL.
Both dominated and non-dominated individuals exist prior to p, namely neither PD nor PL is null.

We could ﬁnd that circumstance 1 is similar to circumstance 3 while circumstance 2 is analogous to circumstance 4. For
the sake of simplicity, we only detail the implementation of circumstance 3 and circumstance 4 whose pseudo-codes are
shown, respectively, in Algorithms 3 and 4. In addition, the general framework for calculating the hypervolume indicator
of the individual dominance area is given in Algorithm 2.
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Generally speaking, the hypervolume indicator of the individual dominance area for an speciﬁc individual could be calculated based on the following ﬁve steps after the aforementioned pretreatment.
Step
Step
Step
Step

1.
2.
3.
4.

Determine the depth of the current slice.
Conﬁrm the shape of the current slice.
Relocate the position of reference point and set it as the current temporary reference point.
Initialize a set R as an empty set. If PD is null, turns to Step 5. Otherwise we store the invalid points that locate in the
area restricted by the temporary reference point and p into the set R, after then turns to Step 5.
Step 5. If R is null, we calculate the hypervolume indicator of the individual dominance area of p based on the shape of the
current slice. Otherwise, we subtract the hypervolume indicator of R from that of the individual dominance area of p,
then the subtracted indicator value is used as the hypervolume indicator of the individual dominance area of p for
the current slice. If all points in NL have been processed, returns the current cumulated hypervolume indicator and
exit, otherwise turns to Step 1.
The underlying principle of this method is slicing the cube which is formed by points that are signiﬁcant to p. There is no
signiﬁcant point posterior to p if set NL is null. That is to say only points that are prior to p and its fellow individuals need to
be considered (only one slice exists in this case, like the top left cube, i.e., the individual dominance area of P1, shown in
Fig. 4). Otherwise, points that are posterior to p also need to be processed one by one (multiple slices exist in this case).
Firstly, the least upper bound point of p at the ﬁrst dimension is determined according to Deﬁnition 7. Then the depth of
the current slice could be obtained based on Deﬁnition 8. Subsequently, four different categories of points are ﬁltered
out, thus the shape of the current slice (i.e., the individual dominance area of p in the current slice) could be determined
correspondingly. After the determination of the least upper bound point of p on the other two dimensions, the current temporary reference point is relocated as Ref0 : (upper1(p), upper2(p), upper3(p)). Next, points that locate in the area restricted by
Ref0 and p are regarded as invalid points and stored into a speciﬁc set R. The hypervolume indicator of the individual dominance area of p in the current slice could be obtained by subtracting the hypervolume indicator of R from that of the current
slice. Afterwards, cumulate this hypervolume into the total hypervolume indicator of the individual dominance area of p. If
all points in NL have been processed, this procedure terminates. It is worth noting that the main difference between circumstance 3 and circumstance 4 is whether it is necessary to consider the set R, so as to circumstance 1 and circumstance 2.

To illustrate how this computation process works, consider the previous example given in Fig. 4. Assuming that these six
points belong to a set S = {(1, 8, 7), (2, 6, 3), (4, 5, 8), (5, 2, 5), (7, 3, 2), (10, 1, 9)} and the reference point is Ref = (10, 10, 10). Here
we only detail the calculation procedure for P4, analogous process could be found for the others. Before computation, the

230

K. Li et al. / Information Sciences 182 (2012) 220–242

pretreatment is carried out to classify these points into their corresponding categories. Particularly, PD = {P1, P3}, PL = {P2} and
NL = {P5, P6}. Intuitively, the individual dominance area of P4 is extracted as the cube shown in the top right of Fig. 4. This
cube could be chopped into three slices and then projected onto f2–f3 plane as the three polygons that shown in the bottom
of Fig. 4. Ref indicates the original reference point and Ref 0 represents the temporary one. Correspondingly, the individual
dominance area of P4 in each slice is marked in reticular lines. For example, the hypervolume indicator of the individual dominance area for P4 in slice 1 could be obtained by subtracting the hypervolume indicator of the dominance area for P3. The
other two slices could be processed analogously.

3.5. Truncation procedure
In MOEAs, the Pareto optimal set might be enormous, or even inﬁnite. Thus it is impossible and unnecessary to archive all
the non-dominated solutions. Alternatively, it would be more reasonable to maintain a representative non-dominated subset. Similar to SPEA2, here we also use an external archive to preserve elite individuals that are selected from the evolutionary population. A truncation procedure is invoked if the cardinality of the archive exceeds its pre-deﬁned size. Different from
the other state-of-the-art truncation methods, we use the hypervolume indicator of individual dominance area to guide the
truncation procedure. The speciﬁc implementation of this truncation procedure is given as follows.
Step 1. Calculate the hypervolume indicator of the individual dominance area for each individual in the external archive Q;
Step 2. The individual that contributes the least hypervolume indicator is eliminated from Q;
Step 3. jQj = jQj  1, the total procedure terminates if jQj = N, otherwise turns back to Step 1.
As discussed in [26], the necessary and sufﬁcient condition for a solutions set to achieve Pareto optimal is the maximization of its corresponding hypervolume indicator. Here the truncation procedure, which is based on the criterion that maximizes the hypervolume indicator of the current population, is a local greedy strategy. It ensures the search towards the
Pareto optimal and overcomes degeneration. Particularly, after the elimination of the least contributed individual, the hypervolume indicator of the individual dominance area for any other remaining individual in the current external archive has to
be updated correspondingly.
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3.6. Framework of DNMOEA/HI
We have already discussed the two key design issues of our proposed algorithm, namely ﬁtness assignment strategy and
truncation procedure. Here the main framework of DNMOEA/HI is given as follows.
Step 1. Set the sizes of the evolutionary popualtion E and the external archive Q be N. Thus,the size of the intermediate population P is 2N. Initialize generation count gen = 1.
Step 2. Randomly initialize E and Q as Egen and Qgen.
Step 3. Calculate the ﬁtness values of all individuals in Egen and Qgen.
Step 4. Merge Egen and Qgen together into Pgen, then select out all non-dominated individuals and copy them into Qgen+1. If
jQgen+1j < N, the best remaining individuals in Pgen are copied to Qgen+1 till it is ﬁlled. This could be implemented
by sorting the Pgen based on ascending order of their ﬁtness values. If jQgen+1j > N, truncation procedure is evoked
to prune the external archive Qgen+1 to the predeﬁned size. If the termination criteria are met, outputs all individuals
in Qgen+1. Otherwise turns to Step 5.
Step 5. Carry out a tournament selection upon Qgen+1, and implement evolutionary operations (i.e., crossover and mutation)
on the selected individuals. The evolved individuals are stored into Egen+1 for the next generation, set gen = gen + 1,
then turns to Step 3.
3.7. Time complexity analysis
Let the population size is N, the time complexity of the calculation procedure for the tree neighborhood density is determined by the time cost for generating minimum spanning tree. Here Prim algorithm [46] is used to generate the minimum
spanning tree, thus the time complexity is O(N2). In ﬁtness assignment procedure, the time complexity to compute the
strength value R(i) is the same as [10], namely O(N2). Therefore, the whole ﬁtness assignment procedure cost
O(N2) + O(N2) = O(N2) time. The time complexity of Algorithm 1 is determined by the sorting algorithm. We use quick sort
here, which costs O(NlogN). In Algorithm 2, ﬁnding out four kinds of individuals which meet the point taxonomy proposed
in Section 3.4 costs O(N2) time. And the time cost to calculate the hypervolume indicator of the individual dominance area for
in Algorithms 3 and 4 is O(N2). Consequently, the time complexity for calculating the hypervolume indicator of the individual
dominance area for the whole population is O(N3). In summary, DNMOEA/HI evolves one generation costs O(N3) time.
4. Experiments
In order to validate the efﬁciency of our proposed DNMOEA/HI, we compare the performance of DNMOEA/HI with six
other MOEAs (i.e., NSGA-II [8], SPEA2 [10], IBEA [29], SMS-EMOA [30], AbYSS [47], MOEA/D-DE [48]). Particularly, NSGAII and SPEA2 are two state-of-the-art MOEAs whose performances have been veriﬁed in many studies. IBEA and SMS-EMOA
are two hypervolume based MOEAs as our DNMOEA/HI. Different from the traditional MOEAs, AbYSS adapts the well-known
scatter search template that designed for solving single-objective optimization to the multi-objective optimization domain.
MOEA/D-DE is a strong and efﬁcient MOEA based on the idea of decomposition which is popular in the traditional mathematical programming.
In the following paragraph, a brief introduction on the benchmark problems and performance metrics are given at ﬁrst.
Next, our experiments to compare the performances of these MOEAs are described and analyzed. After that, the scalability of
DNMOEA/HI to the number of objectives is veriﬁed. At last, we further compare their performance on some dynamic test
problems.
4.1. Test problem
In this section, we introduce the different sets of both bi- and tri-objective benchmark problems used in this work. These
test problems have been widely used in the multi-objective optimization domain. ZDT-1, ZDT-2, ZDT-3, ZDT-4 and ZDT-6,
Table 1
Properties of WFG test suite.
Problem

Separability

Modality

Bias

Geometry

WFG-1
WFG-2
WFG-3
WFG-4
WFG-5
WFG-6
WFG-7
WFG-8
WFG-9

Separable
Non-separable
Non-separable
Non-separable
Separable
Non-separable
Separable
Non-separable
Non-separable

Uni
f1 uni, f2 multi
Uni
Multi
Deceptive
Uni
Uni
Uni
Multi, deceptive

Polynomial, ﬂat
no bias
No bias
No bias
No bias
No bias
Dependent
Dependent
Dependent

Convex, mixed
convex, disconnected
Linear, degenerate
Concave
Concave
Concave
Concave
Concave
Concave
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which were deﬁned in [49], are selected as the bi-objective test problems. Furthermore, seven bi-objective unconstrained
test problems (i.e., UF-1 to UF-7), which were proposed in CEC 2009 competition [50], are also included in this benchmark.
As for the tri-objective benchmark, it is composed of DTLZ-1 to DTLZ-7 [51], tri-objective version of WFG-1 to WFG-9 [52]
and UF-8 to UF-10 deﬁned in [50]. More detailed properties of the WFG Toolkit problems are given in Table 1.
4.2. Performance metrics
Two critical issues are normally taken into account when evaluating the performances of MOEAs on the test problems. On
the one hand, the distance between the obtained solutions set to the true Pareto optimal front should be as minimal as possible. On the other hand, the spread of solutions found should be maximized and the distribution should be as uniform as
possible. In order to meet these two issues, the exact location and distribution of the true Pareto optimal front is necessary
to be known as a priori. Fortunately, the true Pareto optimal fronts of all the benchmark problems utilized in this paper have
been already known.
The performance metrics used in our numerical experiments aim at evaluating the following three aspects of the obtained
solutions.
1. Evaluate the closeness between the obtained solutions set and the true Pareto optimal front.
2. Evaluate the diversity of the obtained solutions.
3. Evaluate the comprehensive performance of the obtained solutions set on both the convergence and diversity.
The following three performance metrics are chosen to evaluate the aforementioned aspects of MOEAs respectively.
1. Generation Distance (GD): This metric was ﬁrstly proposed by Veldhuizen and Lamont [53] to measure the distance
between the Pareto approximated front and the Pareto optimal front. It is formulated as:

GD ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Pn 2
i¼1 di
n

ð8Þ

;

where n is the number of solutions in the Pareto approximated front and di indicates the Euclidean distance between
each of these solutions and its nearest neighbor in the Pareto optimal front in the objective space. It is clear that lower
GD value means better convergence of the obtained solutions. Particularly, GD = 0 means that all Pareto approximated
solutions are located on the Pareto optimal front. In order to obtain a reliable result, obtained solutions are normalized
before calculating this metric.
2. Uniformity Assessment (UA): This is a robust metric introduced by Li et al. [54] to calculate the ratio of distances between
the individuals and their neighbors. UA takes the value between zero and one (one represents the best). The larger value it
obtains, the better uniformity it achieves. Readers could have a more detailed description in [54].
3. Hypervolume Indicator (HV): The deﬁnition of HV has been given in Deﬁnition 5, and a larger HV value is preferable when
comparing the performances of different solutions set. Here the objective function values have been normalized when
evaluating this metric because of the different scaling of objectives. Without loss of generality, the reference points used
for assessments are given in Table 2.
4.3. Parameters settings of MOEAs
Here the decision variables are real coded. In other words, each gene in a chromosome (or an individual) indicates the
value of the corresponding decision variable. As for evolutionary operators, the classical simulated binary crossover (SBX)
[55] is used for crossover operation. The crossover rate pc = 0.9 and the crossover index gc = 20. The polynomial mutation
[56] is employed with mutation rate pm = 1/nreal (nreal is the dimension of the decision space) and the mutation index
gm = 20. The population sizes are consistent for all benchmark problems. The sizes of two reference sets in AbYSS are set
as 10. More detailed parameter settings are given in Table 3.

Table 2
Reference points settings for different test problems.
Test problems

Reference points

ZDT test suite
DTLZ-1
DLTZ-2 to DTLZ-6
DTLZ-7
WFG test suite
UF-1 to UF-7
UF-8 to UF-10

(2.0, 2.0)
(1.0, 1.0, 1.0)
(2.0, 2.0, 2.0)
(2.0, 2.0, 7.0)
(3.0, 5.0, 7.0)
(2.0, 2.0)
(2.0, 2.0, 2.0)
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Table 3
Parameter settings for different test problems.
Test problems

Population size

No. of generation

ZDT test suite
DTLZ test suite
WFG test suite
UF-1 to UF-7
UF-8 to UF-10

100
100
100
100
100

200
300
300
300
500

Fig. 6. The general structure of the statistical analysis used in this work.

Fifty independent simulation runs with randomly generated populations are performed for each benchmark problem. The
best experimental results are highlighted with boldface and dark background in corresponding tables. As discussed in [57],
all these candidate MOEAs are stochastic algorithms, the use of statistical tests to improve the signiﬁcant of the evaluation
process for the comparison of different algorithms has become a popular technique in the ﬁeld of computational intelligence.
The general structure of statistical analysis is given in Fig. 6. First of all, the Kolmogorov–Smirnov test was performed to
check whether the results follow a Gaussian distribution or not. If the results are not Gaussian distributed, then a non-parametric Kruskal–Wallis test is used to compare the median of each algorithm. On the other hand, the homogeneity of the variances is checked by the use of Levene test if the results are Gaussian distributed. If variances of the results are equal, the
ANOVA test is invoked to verify the conﬁdence. Otherwise, the Welch test is performed to accomplish this task. In the statistical test, 95% conﬁdence level is adopted to compare the signiﬁcance between two competing algorithms, with indicating that DNMOEA/HI is signiﬁcantly better than all its competitors in the corresponding table, while  representing that the
best competitor signiﬁcantly outperforms DNMOEA/HI.
4.4. Experimental environment
DNMOEA/HI is coded in ANSI C. As for the other MOEAs, we use jMetal framework [58] with SUN Java JDK/JRE 1.6.0.2. All
numerical experiments are conducted on Intel Core 2 Duo CPU P8400 @ 2.26 GHz, 2 GB RAM computer, with Microsoft Windows 7 operating system.
4.5. Measure of convergence
As is mentioned in Section 4.2, the convergence of each MOEA is measured by GD. The experimental results of all candidate MOEAs on this metric are tabulated in Table 4. The last column of Table 4 gives the ratio of the corresponding MOEA win
on all 31 benchmark problems. Generally speaking, our proposed DNMOEA/HI outperforms on 20 out of 31 benchmark problems for GD metric, performing signiﬁcantly better in 17 of them. The second best candidate algorithm is another hypervolume based MOEA, i.e., IBEA, which wins on 8 out of 31 benchmark problems. Furthermore, both NSGA-II and SPEA2 are
outperformed on all benchmark problems, while each of the other three candidates wins on only 1 benchmark problem. Speciﬁcally, as for bi-objective benchmark problems, DNMOEA/HI only be outperformed on 3 out 12 test cases, i.e., ZDT-1, UF-5
and UF-7. Comparing to two state-of-the-art MOEAs, i.e., NSGA-II and SPEA2, MOEA/D-DE and AbYSS show competitive performances on ZDT test suites. Referring to the other 19 tri-objective benchmark problems, our proposed DNMOEA/HI wins
on 11 of them. Especially for some difﬁcult benchmark problems, e.g., DTLZ-1, DTLZ-3, WFG-1, WFG-9, the superiority of
DNMOEA/HI is obvious. It is worth noting that MOEA/D-DE shows very encouraging performance on WFG-8.

234

Table 4
Performance results on GD metric for seven MOEAs on the benchmark problems.
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Table 5
Performance results on UA metric for seven MOEAs on the benchmark problems.
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Table 6
Performance results on HV metric for seven MOEAs on the benchmark problems.

K. Li et al. / Information Sciences 182 (2012) 220–242

237

K. Li et al. / Information Sciences 182 (2012) 220–242

4.6. Measure of diversity
Table 5 gives the experimental results on the uniformity measure for all MOEAs. As shown in Table 5, we could easily ﬁnd
that the superiority of DNMOEA/HI is not as signiﬁcant as that on GD metric. Followed by MOEA/D-DE and SPEA2, which win
on 7 and 8 out of all benchmark problems respectively, DNMOEA/HI achieves signiﬁcant better results on 11 out of the 31
benchmark problems. AbYSS and SMS-EMOA achieve best results on 2 and 3 test cases, respectively. It is worth noting that
IBEA shows competitive performance on GD metric as discussed in the previous subsection. But as for UA metric, it has been
outperformed on all test cases. This could be explained by the simple environmental selection mechanism of IBEA, which
might not be sufﬁcient for searching well-distributed solutions. Particularly, DNMOEA/HI is outperformed on all test problems in ZDT and DTLZ test suites. MOEA/D-DE takes the ﬁrst position on almost all the ZDT test problems, except ZDT-3. As
for DTLZ test suite, SPEA2 takes the lead on most of the benchmark problems (5 out of 7). However, the rank situation is
changed when referring to WFG test suite. DNMOEA/HI achieves the best UA metrics on almost all WFG test problems except
WFG-6. Lastly, MOEA/D-DE and DNMOEA/HI show better performances on UF test suite and the former is slightly better.
4.7. Measure of comprehensive property
The proximity and diversity of a solutions set could be evaluated simultaneously by the single hypervolume indicator,
which illustrates the comprehensive performance of the corresponding algorithm. As shown in Table 6, it is encouraging
to see that DNMOEA/HI takes the ﬁrst position on 26 out of 31 benchmark problems, performing signiﬁcantly better on
21 of them. It is worth noting that our proposed DNMOEA/HI takes the leading position on all ZDT and WFG test suites.
The second best algorithm is MEOA/D-DE, which only outperforms on 2 out of all test cases. The other two hypervolume
based MOEA, i.e., IBEA and SMS-EMOA only win on 1 test problem respectively. The success of our proposed DNMOEA/HI
on HV metric might owe a great deal to the advanced ﬁtness assignment scheme, which is based on dynamic neighborhood,
and the hypervolume guided truncation procedure.

Table 7
Average CPU time for seven MOEAs on the benchmark problems.

ZDT Test Suite
DTLZ Test Suite
WFG Test Suite
UF Test Suite

NSGA-II

SPEA2

IBEA

SMS-EMOA

MOEA/D-DE

AbYSS

DNMOEA/HI

2.83
3.04
3.44
3.97

8.95
15.66
26.87
3.38

7.49
9.45
10.00
11.84

106.32
784.15
1756.85
541.42

1.80
1.81
2.06
2.36

1.49
1.76
2.80
1.64

9.40
63.01
187.36
19.31

Fig. 7. Average computation time for each MOEA.
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Table 8
Performance results on HV metric for seven MOEAs on the many-objective benchmark problems.
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Table 9
Performance results on HV metric for seven MOEAs on the dynamic benchmark problems.

4.8. Computational time comparison
We record the CPU time used by each algorithm on these four different test suites. The average time for solving each test
problem are tabulated in Table 7, with the unit of second. Fig. 7 gives an intuitive way to illustrate the CPU time comparisons
of these MOEAs. Inferred from Table 7 MOEA/D-DE and AbYSS are two MOEAs that cost least computational time. This could
be explained by the decomposition based property of MOEA/D-DE and the small reference set sizes used in AbYSS. As for the
three hypervolume based MOEAs, it is clear to see that SMS-EMOA is the most time consuming MOEA overall. It is not difﬁcult to understand this high computational cost mostly come from the high computational overhead for hypervolume calculation. Hypervolume indicator has to be calculated twice when evaluating the hypervolume contribution of a single
solution. This obviously increases the already high computational overhead. Although the CPU time of our proposed
DNMOEA/HI ranks second in this comparison, it is much less than that of SMS-EMOA. This owes to the efﬁcient algorithm
proposed in Section 3.3 and Section 3.4 which only needs to calculate hypervolume indicator one time when evaluating the
hypervolume contribution. It is worth noting that the CPU time of the other hypervolume based MOEA (i.e., IBEA) is considerably low. It is even less than that of the Pareto based SPEA2 in most of the cases. This might be explained by the simple
ﬁtness-based environmental selection procedure used in IBEA. However, the quality of solutions obtained by IBEA is not
satisﬁed enough, especially on the diversity metric that discussed in Section 4.6.
4.9. Studies on the scalability of DNMOEA/HI with different number of objectives
As discussed in [59], most of the current MOEAs are well capable for solving bio- and tri-objective problems. The performances of them would gradually deteriorate with the increase of the number of objectives. However, many real world applications involve more than three objectives to be optimized. For example, many customer satisfactions (such as cost, life time
of the battery, affective design, weight, functions, etc.) are required to be optimized simultaneously in new mobile phone
design. Thus, the scalability of DNMOEA/HI with different number of objectives is investigated in this section.
The previously proposed approaches for calculating the hypervolume indicator of individual dominance area are designed
for bio- and tri-objective problems. Nevertheless, it is not difﬁcult to adapt this approach to tackle problems with more than
three objectives, by the employment of a recursive procedure. First of all, four different kinds of individuals are found for the
current investigating individual p. After this taxonomy procedure, respect to p, the population is divided into four different
circumstances to tackle separately. Similar to [33], the hypervolume indicator of individual dominance area could be computed by recursively projecting the set of points (i.e., the corresponding sets of p) into lower dimensions and calculating the
corresponding hypervolume measure of them.
In this experiment, DTLZ-2 and DTLZ-5 of the DTLZ test family are chosen as the benchmark problems. These two test
problems are all scalable to arbitrary number of objectives and have been widely used in many-objective optimization studies. Four to six objectives for each test problem are studied here. The performance of each MOEA is evaluated by hypervolume indicator which is also scalable to arbitrary number of objectives.
Through the experimental results shown in Table 8, we could ﬁnd that DNMOEA/HI is the most competitive algorithm
among all these MOEAs. It achieves signiﬁcantly best results in 4 out of 6 test cases. It is noteworthy that the performance
of hypervolume based MOEAs are preferable to the other Pareto based MOEAs in most of these test cases. Except in DTLZ-5
with 5 and 6 objectives, the performances of MOEA/D-DE are better than that of IBEA. The performances of two state-of-theart Pareto based MOEAs (i.e., NSGA-II and SPEA2) are always worse than the other competitors, especially SPEA2, which performs the worst of all. The other two MOEAs, i.e., MOEA/D-DE and AbYSS, which are based on decomposition and scatter
search respectively, also show competitive performances on these high dimensional test problems. Traditionally, the underlying principle of the selection module in MOEA is establishing a complete order among individuals by mapping the objective
vector to a ranking criterion. One of the selection operators is based on Pareto dominance and the other operator is diversity
preservation. But many solutions would become non-dominated with each other and the search based on Pareto dominance
deteriorates, when the number of objectives increases. This phenomenon is referred as the curse of dimensionality for manyobjective optimization problems [59]. The selection module of our proposed DNMOEA/HI is not only composed of Pareto
dominance and density information, but also the hypervolume contribution of each individual is considered. This enhanced
selection module brings plenty of selection pressure even in high dimensional search space.
4.10. Studies on dynamic optimization test cases
The previous experimental results have already demonstrated the effectiveness of our proposed DNMOEA/HI for solving
static benchmark problems. However, many real-world optimization problems involve objective functions, constraint
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functions and problem parameters that are dynamically changed with time. That is to say the optimization task would be
changed with the variation of time and the optimization problem would be different from that at the starting time. Consequently, it is also interesting to study the performance of our proposed approach when tackling the dynamic multi-objective
optimization problems. In this subsection, three artiﬁcial dynamic multi-objective optimization problems (i.e., FDA-1, FDA-2
and FDA-3) proposed in [60] are selected as the benchmark problems. The dynamics of these selected benchmark problems
is controlled by the following time function

t¼

1
nT

 
s
;

ð9Þ

sT

where nT speciﬁes the number of different steps in t while sT means the frequencies of environmental changes, and s is the
generation counter. The same as in [60], sT = 5 and nT = 10. More detailed description about these benchmark problems could
be found in [60].
The population size is ﬁxed to 100 for all benchmark problems. Each MOEA evolves 250 generations and ﬁfty independent
simulation runs are performed for each benchmark problem. Different from the static optimization problems, the landscapes
and optima vary with time in dynamic optimization problems. Thus, instead of merely obtain the ﬁnal optimal front, decision makers are more interested in whether the algorithm could track the instant optimal right before the next landscape
variation is triggered. Similar to [61], we use the average time hypervolume indicator to evaluate the performance of a MOEA

HV av g ¼

s
1X

s

r  HV;

ð10Þ

g¼1

where HV is the hypervolume indicator of the solutions set obtained at the gth generation. If g could be exactly divisible by
sT, r = 1; otherwise r = 0. The larger HVavg the better. The reference points are ﬁxed to (2.0, 2.0) for all benchmark problems.
Considering the experimental results shown in Table 9, the performance of our proposed DNMOEA/HI clearly outperforms
the other competitors, showing better performances on 2 out of 3 benchmark problems.
5. Conclusions
Approaching the Pareto optimal front as close as possible and distribute the solutions over the approximated Pareto front
as uniform as possible are two common goals when designing MOEAs. In this paper, we deﬁne the membership of individual
on the tree neighborhood to describe the adjacency between individuals. The ﬁtness value of each individual is composed of
the tree neighborhood density and its Pareto strength value. In addition, a novel algorithm is proposed to evaluate the hypervolume contribution of each individual efﬁciently. Compared to the approach used in SMS-EMOA, which needs to calculate
the hypervolume indicator twice when evaluating the hypervolume contribution of a single solution, our proposed approach
could accomplish this task directly and efﬁciently.
In the numerical experiments, the performance of our proposed DNMOEA/HI is compared with six other MOEAs, including the state-of-the-art Pareto based NSGA-II and SPEA2, hypervolume based IBEA and SMS-EMOA, and two new variants
MOEA/D-DE and AbYSS. The quality of the solutions set is evaluated on three different aspects: convergence, diversity
and comprehensive performance. Experimental results demonstrate the efﬁciency of DNMOEA/HI, especially on hypervolume metric. Furthermore, the scalability of DNMOEA/HI with different number of objectives is also studied. The performance of DNMOEA/HI is competitive even in high dimensional search space. At last, we also applied our DNMOEA/HI to
solve some dynamic multi-objective optimization problems. Experimental results demonstrate that DNMOEA/HI is also
capable to solve problems with dynamically changed landscapes and optima.
Although competitive performance obtained by our proposed DNMOEA/HI, the computational overhead of our algorithm
is still high, as discussed in Section 4.8. Thus, a promising direction of future research is to develop more efﬁcient and faster
algorithm to evaluate the hypervolume indicator of individual dominance area. On the other hand, as declared in [21], the
exact hypervolume contribution might not be crucial for the environmental selection in some cases. Instead, well approximated values are sufﬁcient for this purpose. Furthermore, the computational overhead of approximating algorithms would
be much less than that of exact calculation. So it is also a promising direction for future research on designing efﬁcient
approximating algorithm to estimate hypervolume with low error rate. In addition, both the density estimation and hypervolume methods introduced in this paper are required for a real parameter space which could be normalized. However,
many real-world application problems do not have commensurable space. In other words, different objectives might have
different units, take a two-objective optimization problem as an example, suppose the unit of the ﬁrst objective is cost like
dollar and the other one is distance like meter. Thus the normalization is not allowed in this case. Recently, some diversity
promotion techniques have been proposed to work in the non-commensurable space, like target vector approaches [62].
Thus it is also another possible future direction to design density estimation method which is workable in this case.
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